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It is shown that the intersection numbers of a colierenfiguration are closely related
to the determinant of a generic matrix for the corredpanadjacency algebra. This is
important as both concepts provide isomorphism invagifomtgraphs.

The coherent configurations studied by Higman in [1] arént#rest in graph
theory because invariants for the isomorphism class gfaph are obtained in the
intersection numbers of the unique minimal coherent gardtion generated by the
partition ofVxV induced by the edge setand the diagonal s&tof the vertices of the
graph.

If A'is the adjacency matrix of a labelled, directed graptith vertex setv, one
constructs the smallest algebra over C containingA, A" and the characteristic
matrices of sets § VxV which are maximal with respect to

(i, ) and(k, I) O Simpliesa; = ayq for all (ays) L7~ (1)

These set$ form the partition ofvxV which define a coherent configuration fbr
and their characteristic matrices (the 0,1-adjacendyiagea of the graphs with edge
setsS) generatessas a module ovet. LetAq, Ay, ..., A be these matrices. Suppose
= 2xA andY = 2yA are two generic matrices of/ Then the intersection numbers
are defined by

XY = Z ajiiyiAx (2)

They are clearly independent of the vertex numbering anakres isomorphism class
invariants. The same is true of the characteristicripotyial detkl -A) and also of det
X, which certainly provides at least as much informatiodeil -A). The object of
this paper is to show that the intersection numbersayifiger classification of graphs
than does the spectrum or indeed ¥eand to investigate how much weaker is the
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classification using dex.

Suppose tha#; corresponds t& [ VxV. One may reasonably suppose that the
numbersa;jc are provided together with the partition of the sgtsito diagonal and
off-diagonal subsets. From (2)Sf is a diagonal class with corresponding vertizgs
then Sn VgxVy =S or O according asig = 1 =agi or not. Letly = 2’A; where the
sum is restricted to thosewith § [0 V4xVy. This is the matrix with 15 in the block
VgxVy and 05 elsewhere. Hendg® = |SJs. Equating coefficients ofAq using (2)
yields the order 0&; asZ’ajjq, Wherei, j satisfy S, § O VgxVg4. Using (2) again one
can inductively obtain the coefficients; of eachAq for the powersX' (t < |V[). Now
trace) = 24Wa|S | for the sum over the diagonal classes. Newton's ftaenapplied
to the generic eigenvaluesXtonsequently yield def.

THEOREM. The intersection numbers determine the determinant of a generic
matrix in the adjacency algebra.

Conversely, assume that déis given together with, as before, the partition into
diagonal and off-diagonal sets. L&t be the algebra ove&® generated b = A" for
1 <i <r. This is the algebra of the grapgh' with adjacency matri8 = A'. Its
intersection numbers satistyy = a and its generic matrix i¥ = ZxB; = X'.
Because deY = detX, the determinant cannot distinguiafx from a«. However, it
will be shown thaty+ajik is determined by deX.

Let {S; | dOID} be the collection of diagonal sets with corresponghagditionV =
4o Va. We will treat detX as a polynomial in the variables (dOD). The unique
termz of highest degree has the fofthyp x4 and yields|Sy| = rq for dOD. For X =
(), the coefficient ofzx™x ™ for i, j 0 D is =27 %0y Zsv XrsXe = —32kAik S Xk X
whereSe = S’ = {(r,9) | (sr)0S¢ definesk’, & = | or 0 according as= j or not, and
Jdik = | or 0 according as O (VixV)) O (VjxVi) or not. This pairsS, with S/,
establishes whe8 = S" and so yield$S for all k.

The block ofSc is nearly determined: eith&xV; or V;xV; for i, j as above. Make
an arbitrary choice o& [ VixV; for one such tripleifj,k) with i # j. This fixes the
precise block of all other classes as follows: Th@aaif X on CM = C[vV] induces
an action on the subspa€g (r= |D|) with basis &.qv4v | dJD} which is described by
the matrix X with entries Xde = Vel 2% oveZsove Xs. Because the variables in each
block are distinct, deX is an irreducible factor of det with degreer. Setxs= 0 if S
n VaxVy = 0 for all dOD, andxs = 1 if S 00 VgxVy for somedID but s[ID. Then det
X specialises tdTgop(x—1)V™? (x4 + [Vg | =1) and detX can be recognised as that
factor which specialises 1dgop(xs+ [Va | —1). Now S O VixV O VxV if, and only if,
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detX does not contain a term with the produgt for i, j, k as chosen above. A
couple of applications of this produces the block of evdagscS; subject to the
choice mentioned.

For the intersection numbeag,, whereu or v(ID andw(ID it is clear thajw =
awjw = 1 for S, 00 VixV, andayw = 0 otherwise; and KUID, thenayyk = ISUIS( ™ for S,
O VixV with a,x = 0 otherwise. Anyother intersection numbers contridotehe
coefficient ofz(xix,-xk)‘l in detX for somei, j, k 00 D. This coefficient is obtained by
looking at 3x 3 submatrices aX which include the three diagonal elemextsq, X«
and equals

(CE Y )3 S IS@uw XXX+ B Xa X Xw ) (3)
Su Vi v} S, OV Vie STV

wherep is the number of distinct indices among, k; the sums are restricted to off-
diagonal classes (i.a1, v, w0 D); andS = §' definesu’, v, andw. Symmetry in (3)
for u, v, wensures that

ISlaw = Slawy = [Svaww  and aww = awvw (4)

For p>1 the blocksVixV,, VixVk and VixV; are distinct and sa(xxxq XXX, has
coefficient |Sylaww. This determines the intersection numbers except on dihgon
blocks because thosgw not satisfyingS, O VixV; S, O V;xV and Sy O VixV, for
somei, j, kO D with u, v, w D are necessarily zero.

Takingp = 1 in (3) and lettingy be the number of distinct indices amangy, w
yields the coefficient

(4-0)'" |Sul(@ww + aww) (5)

for 2x *x%w by virtue of (4). The intersection numbers for the diagdiatks
obtained via (5) are the only ones that cannot be uhdally ascertained once the
choice of block for one off-diagon&l is made. If the alternative choice holds so that
all the classe$&; have been associated with the transpose of theieatdfock, then
a,w andagw have to be interchanged throughout. However, in eithse&w + aww

is known.

THEOREM. The determinant of a generic matrix in the adjacency algebra
determines the sums ajj + ;i Of pairs of intersection numbers.

Let .74 be the algebra given by the blogkxVy. Then.e74 is commutative if, and
only if, a,w = aww for all relevantu, v, w. In particular, this is the case when the rank
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or number of classe& [0 VgxVy is sufficiently small. Whenevere/ itself is
commutative, the, can therefore all be found. Thus the intersection nusnaed
det X determine each other. For the important case whena regular (unlabelled)
graph,.o7 is simply the algebra generated by the adjacencyixmatand the all 15
matrix J. So.%/" is commutative and deét yields the same class of graphs as do the
intersection numbers.
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