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THE CLASS NUMBER OF
PURE FIELDS OF PRIME DEGREE

CHARLES J. PARRYAND COLIN D. WALTER'

Here we give necessary and sufficient conditionsafprimel to divide the class
number of the Galois closure of a pure field of dedr@eer the rationals. The work
extends that of Honda id][and that of the first author i8]

§1. Notation

| an odd rational prime.

t=(-1)/2.

m> 1 anl-power free rational integer .

\/x the real-th root ofx if x is real, otherwise anyth root ofx.

( a primitivel-th root of unity.

Z, Q the ring of rational integers and field of rationaimbers.

L =Q(2), L" thel-th cyclotomic field and its maximal real subfield.

J=Q((-1)1) the quadratic subfield of L.

k=Q(\VYm) a pure field of degree

K = Q(Z,"Ym) the Galois closure &Q.

H, h, h*, h*, hthe class numbers &f L, L™, J, andk respectively.
E, E' the unit groups of andL".
G(Q1/Q,) the Galois group of a normal extensQiQ, of fields.

§2. Extensions by roots of unitdn order to make use of Hasse’s formula for
the number of ambiguous classeskKalf it is necessary to consider the maximum
abelian extension df which is unramified outsidé and whose Galois group has
exponent, namely

L = LM ,\NeleOB).

For a primitive rooa modulol set

t-1 a’ —af\aMmr
&= [1¢°% +{™%) for odd rEl mod (- 1),
r=0

&@=¢( and =1,
and for such values aofdefine

Lo = L(Ven).

ThenL, is independent of the choice @find depends only drand the residue of
modulol — 1. The index of the groupé, | n odd, #1 mod { — 1) in the group

" Work supported by a Rouse Ball studentship at Trinity Coll€geybridge.

[MATHEMATIKA 23 (1976), 226226]



THE CLASS NUMBER OF PURE FIELDS OF PRIME DEGREE 221

o+ | 1 <r <t - 10of cyclotomic units is finite and prime tdbecause the
determinant of the matrxaf®)i< «-1 Which relates the two given bases is non-zero
modulol. But the cyclotomic units have index B\ equal to the class numbiet of

L* ([2] 8§5.2 Theorem 2). Hence, lif is also prime td, then thet — 1 fieldsL, for

oddn# 1 mod ( - 1) generatd_(I\/eT| e 0 E"). Kummer's lemma {] 83.1
Lemma 4) shows that

\/Z O L(VeT|e+DE+)
and

LiVeleDE) = LT, Ve e OEY.

Also M O L('\/E| e 0 E), because otherwide = a' for somee O E, a O L, and this

is plainly absurd when the norm fbiQ is applied. Thus the, are independent over
L and generate* if 1/h*. As this fact is basic to our investigatidar this section
and the next we make the supposition that | does not dividei true in all known
cases and in particular whers a regular primd,e. whenl/ h,.

Define y, A, O G(L*/ Q) by

Wl ey o Ve,
Al Ve, — e, Ven — Ve for mzn.

n-1,, _
These automorphisms gener&@ */Q). It is easy to verify thaf\/a a 0L,
from which it follows thatL,/Q is normal andAyu = u)\nan. If N = L(UE) # L for

e=[]e’™ andN /Q is normal then for some# 0 modl we have
& ~ eu‘l — Haqu‘lr(n) _ Haqa”‘lr(n)’

where ~ means equality up to lath power inL. Hencebr(n) = a"*r(n) mod| for
all n, andr(n) = 0 modl for all but onen. ThusN = L, for somen.

and

THEOREM 1. Suppose [ h*. Then the only subfields of lwith degree | over L

and normal ovef are the t1fields L,. They are independent overahd generate
L*. Moreover

G(L/Q) O By, p[Ad =™ = 1, A0 = pA'0
With some simple calculations the condition fgrandp' to commute vyields:

LEMMA 2. Each element of (&/Q) has order dividing(h, I-1) or I-1 and there are
elements of both orders

83. Ambiguous classesWe shall follow the notation of Hasse3|[ la, §13)
for the cyclic extensioK/L with generating automorphisk An ideal clas<C of K
is called ambiguous over if C* = C. Let n* = Nwi(K) n E and defineq* by
[n*: E] =1%". Lastly supposé is the number of primes &fwhich ramify inK.

LEMMA 3. The number A of ambiguous classes in is/given by
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A= hyoret
Moreover AH, and |A = I[H.

Proof. The formula forA is given by Hasseldc. cit.). The other assertions are
proved by Moriya in T]. The ambiguous classes form a subgroup of the ideal class
group ofK and soA dividesH. For the remaining implication, decompose the ideal
class group oK into orbits undei.

Now letp be a prime ideal ik lying over a rational prime # | which divides
m, and recall the assumption thgh* for this section.

LEMMA 4. The Hilbert norm residue symbol

o

is 1, if, and only if the Artin symbo[p, L,/L] is trivial. Further, [p, Ly/L] = 1 when
p" £1 modl, and[p, Lo/L] = 1,if, and only if p™* = 1 modI?.

Proof. The notation and elementary properties for residue synalbeldescribed

by Hasse in3], partll. If p" || mthenp’ [|min L and so
,m%_ ,engl _ ELn/LE_r
L » »

where the final term is the Artin symbol considered agot of unity.

Letf be the least positive integer such thia 1 modl and assump” £1 modl.
Theny has degreéoverQ from which p, L/Q] has ordef. If $ is a prime divisor
of p in L, with degred’ overL thenf' = 1 orl and BB, L,/Q] has ordeff’ in G(L,/Q).
As f divides|-1 but notn, Lemma 2 ensures théit= 1. Hence 1 =%, L/Q]' =
[, Li/L] as required.

Finally supposen = 0. Then withf as abovey, Lo/L] = 1 < p splits completely
inLo = p=1mod? < p™*=1mod?

THEOREMS. Suppose/ h*. If N denotes the number of odd n witk n < | such
that g' £ 1 modl for all pjm, then
g* = N+,

whered = 0 or 1 according as m has a prime divisorpl with g™ £1 mod|?, or
not

Proof. The unite, is a norm irK/L, if, and only if ,

,mﬁzl
b

for all primesp containing (n). Since () has only one prime divisor In the product
formula for the norm residue symbol permits this primeéb¢oignored. Lemma 4
ensures that there are at leldstalues ofn such that

,mﬁzl
b
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for all p. Thus at leasN of the unitse, are norms and is a norm exactly when
0 = 1. Since the unitg, and{ generate a subgroup of index prime to E it follows
thatg* > N + 0.

If f | nthen the primep which have ordef modulo! divide into two classes
according asy, Ln/L] = | or not. Lemma 2 and the Tchebotarev Density Theorem
prove the existence of infinitely many primes in eithasslrelative to eadh,. The
remainder of this section considers the problenifokett > 1 be odd and suppose

the (imaginary) quadratic subfieldl = Q(v(-1)) of L has class number*. It is
well-known [1, p. 300] thah* < | and consequentlyf h*.

LEMMA 6. L;is a class field over J with conduct(by.

Proof. Let!' be the group of fractional ideals dfwhich are prime té and let
P be the subgroup generated by elemenss1 mod §/(-1))" of J. Since the only
units ofJ are#l it follows from [6, p. 111] that the ray class grolf™ has order
h*I"%. At least one member of the corresponding tower of diekts L™ contains
L becausey(-1) is the only prime ramified ib/J. HenceL O LW as L : J] is prime
to [L™ : LW andL™/J is abelian. Again from degree considerations laftur there
can only be one abelian extensidfd of conductor ) and degred overL. As the
complex conjugate dfl also has the same propertidé2 must be normal. Being
unramified outside/(-1), N is a subfield of.*, and Theorem 1 shows thist= Lo or
L:. Thus it suffices to prove that the conductotgf is not (). Suppose the contrary
and choose [ J with o =1 mod () buta #1 mod ¢/(-1))°. Then 1 = [¢), Lo/J] =

[Nag(a), Lo/Q]. Hence
Nyga = 1 modi?

asLo/Q has conducton?). This contradiction establishes the lemma.

LEMMA 7. [p, L/L] # 1 precisely for those primes p which satisfy
p" = ¢ +ly?)/4

for some integers, ¥ with y£0 modl.

Proof. After Lemma 6 letH be the subgroup df corresponding td.. Then
[H : P®] = h* is prime tol. Also letp* be a prime divisor op in J and suppose
p*h* = (x + W(-1))/2. By means of the Artin mapp[ L/L] # 1, if, and only if,
| divides the order ofpf*, L/J]. This holds, if, and only ifi divides the order o§*
in I''H, which holds, if, and only if, divides the order o*"" in I'/P®. This holds,
if, and only if,| divides the order ofx(+ yv(-1))/2 mod|, which holds, if, and only
if, y #0 mod 1.

84.The class numbers of K and k

THEOREM8. The class number of K(D(W , ) is prime to ] if, and only if | is
a regular prime and m may be taken as one of the following

|1 p11 |p2a1 p3p4a
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where
l<ac<l-1;
P1, P2, P3, P4, @nd | are distinct primes

p: andps have order+1 or non-trivial odd order(I-1)/2 modulo | and p and p
have order+1 ;

p/” =1 modI? if p, has odd orderp, ™ £1 modI? ps™ £1 modI? and
(PspaD)' ™ = 1 modl?;

and, if p=p; or p= ps has odd orderthen the representatiodp= (¢ + ly?)/4
has y# 0 modl for the class number h* @(v(-1)).

Remark The earlier supposition thefh* is no longer required here.

Proof. If I/{H Lemma 3 shows thatmust be a regular prime and
g*r+d-t-1=0.

Let {p} be the set of primes| which dividem, and letf; be the order of modulo
|. The number of oddh # 1 satisfyingp" #1 mod | is t-1 whenf; is even,
t — 1 - tf, " whenf; is odd, butt 1, and 0, whef) = 1. Setd = 1 or 0 according a&is
a norm inK/L, or not; andd = 1 or 0 according as L) is ramified inK/L, or not.
It follows from Theorem 5 that

gr+d-t-12 (t-1- St +38) +(5+ yaf™)-t-1
indd i

= 5+8-2+ Y2t + YR~ *)

fieven f;odd

Thusm contains at most two factops When there are two, they have ordérog
odd ordert modulo| if distinct from| and sod + & = 0. Lemma 4 show$ = 1
exactly whenpi™ = 1 mod|? for all i and Theorems 3 and 4 dd][show & = 0
exactly wherm™ = 1 modI? This yields the conditions moduldand the exclusion
of three primes includind dividing m. When {p} includes just one prime then
certainlyd + &= 1. Thus the prime must have ordeo® odd ordet and forl|m the
condition moduld? is immediate. If only dividesmthend + &= 2.

The precise conditions have now been found to ensuréhthaight side of (*) is
zero. It remains to discover the further conditions iregufor equality. Strict
inequality holds, if, and only if, the estimate fgt is not exact. This happens, if
some prime has order 1 modujoor if two primes have the same odd order. Except
for py this settles the order of eaph With these restrictions inequality occurs just
whent # 1, there is a prime of odd order, agi=t — 1 + &. This yields the
requirement thag is not a norm, if some; has odd ordet # 1. The condition for
this is given in Lemma 7.

Suppose therefore thathas a prime divisop # | with odd order. Then

e
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wherep is a prime divisor off) in L because is not a norm. If no other primel
dividesmandc is not a norm, then

E@“E £ 1.
L
A suitable choice db gives
e ErEE -
» »

and make€e® a norm. Thugy = t — 1 and equality holds in (*), if, and only if,
d = 1. The congruence moduld for p; is now obtained ang, cannot have odd
order asd = 0 in that case. Ip’ # | also dividesm then the conditions moduld
show that

and the ordertdf p’ modulol gives
L

& mH
Ty Pt

for all b andZe” cannot be a norm. Sgr =t — 2 + 3 and (*) is an equality. This
completes the proof.

Thus

COROLLARY 9. Let m have one of the forms described in The@dfifh" then
| does not divide the class numbemf\/ﬁ).

Proof. By [5] h dividesH becauséd/k contains a totally ramified prime abole
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